WAVE EQUATION AND MULTIPLIER ESTIMATES 
ON DAMEK RICCI SPACES 



DETLEF MULLER AND MARIA VALLARINO 

Abstract. Let S be a Damek-Ricci space and L be a distinguished left invariant Lapla- 
cian on S. We prove pointwise estimates for the convolution kernels of spectrally localized 
wave operators of the form 

e ltvT t/>(VZ/A) 

for arbitrary time t and arbitrary A > 0, where i[> ls a smooth bump function supported 
in [—2,2] if A < 1 and supported in [1,2] if A > 1. This generalizes previous results in 
|MT| . We also prove pointwise estimates for the gradient of these convolution kernels. As 
a corollary, we reprove basic multiplier estimates from |HS] and [Vl| and derive Sobolev 
estimates for the solutions to the wave equation associated to L. 



1. Introduction 

Let n = ©3 be an H-type algebra and let N be the connected and simply connected Lie 
group associated to n (see Section [2] for the details) . By S we denote the one-dimensional 
solvable extension of N obtained by making A = R + act on N by homogeneous dilations 
5 a . We choose H in the Lie algebra a of A so that exp(i-ff) = e t ,t S R, and extend the 
inner product on the Lie algebra n of N to the Lie algebra s = n © a of S, by requiring n 
and a to be orthogonal and H to be a unit vector. Let d be the left invariant Riemannian 
metric on S which agrees with the inner product on s at the identity. 

By A and p we denote the left and right invariant Haar measures on S, respectively. It is 
well known that both the right and the left Haar measures of geodesic balls are exponentially 
growing functions of the radius, so that S is a group of exponential growth. 

The space S is called a Damek-Ricci space; these spaces were introduced by E. Damek and 
F. Ricci [Dl|. ID2|, IDRll IDR 2] . and include all rank one symmetric spaces of the noncompact 
type. Most of them are nonsymmetric harmonic manifolds, and provide counterexamples to 
the Lichnerowicz conjecture. The geometry of these extensions was studied by M. Cowling, 
A. H. Dooley, A. Koranyi and Ricci in [CDKR11 ICDKR2] . 
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The simplest example of Damek-Ricci spaces is given by the so called ax + 6-groups, 
which can be thought as the harmonic extensions of N = M. d . 

Let {Xq, . . . , X n _i} be an orthonormal basis of the Lie algebra s such that Xq = H, the el- 
ements X\, . . . , X mo form an orthonormal basis of d and X mt +i, . . . , X n -± form an orthonor- 
mal basis of 3. As usually, we shall identify an element X £ s with the corresponding left 
invariant differential operator on S given by the Lie derivative Xf(g) = -^/(gexptX) 
Viewing Xq,X\, . . . , X n _i in this way as left invariant vector fields, we define the left in- 
variant Laplacian L by 

n-l 

8=0 

Then L is essentially selfadjoint on C%°(S) C L 2 (p) and its L 2 (p)-spectrum is given by 
[0,oo). 

For any Borel measurable bounded multiplier m on [0, 00), we can thus define the operator 
m(L) on L 2 (p) by means of spectral calculus. Then m(L) is left invariant too, so that, as a 
consequence of the Schwartz kernel theorem, there exists a unique distribution k on S such 
that 

m(L)f = f*k VfeV(S). 

Several authors have investigated the L p -functional calculus for the Laplacian L, i.e., 
they studied sufficient and necessary conditions on a multiplier m such that the operator 
m(L) extends from L 2 (p) n L p (p) to an L p (p)- bounded operator, for a given p in (l,oo) 
[Hi ICGHM1 \A2\ \HS\ IV1] (in some of these papers, the authors work with a right invariant 
Laplacian L r , sometimes on the class of solvable groups arising in the Iwasawa decomposition 
of noncompact connected semisimple Lie groups of finite centre, but one can easily pass to 
our left-invariant Laplacian L by means of group inversion). 

The main purpose of this article is to prove pointwise estimates for the convolution kernels 
of spectrally localized multiplier operators of the form 

for arbitrary time t and A > 0, where ip is a bump function supported in [—2, 2], if A < 1, 
and in [1,2], if A > 1. Such estimates were proved in |MT] in the case of ax + 6-groups. 
In this paper we generalize the results in |MT] to Damek-Ricci spaces, and we also find 
pointwise estimates of the gradient of these kernels. 

We shall use these estimates to give a new proof of basic multiplier results in \HS\ IV1] , 
which is based entirely on the wave equation. 

Moreover, as a corollary we obtain IP -estimates for Fourier multiplier operators of the 
form m(VX) cos(£\/L) and m{\fV) sin (*jffi ; where m is a suitable symbol, and we derive 
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Sobolev estimates for solutions of the wave equation associated with L on Damek-Ricci 
spaces. 

This problem was first studied in the euclidean setting in [Ml [Pj. The problem of the 
regularity in space for fixed time of the wave equation associated with the Laplace-Beltrami 
operator on a noncompact symmetric space of arbitrary rank was studied in |GM[ |CGM]. In 
the case of noncompact symmetric spaces of rank one A. Ionescu [IJ estimated the L p -norm 
of the Fourier integral operators for variable time and derived Sobolev estimates for the 
solution of the wave equation associated with a shifted Laplace-Beltrami operator. Since 
this is the counterpart of our result in the same setting for a different Laplacian we shall 
discuss it in more details at the end of our paper. 

Our paper is organized as follows. In Section 2 we recall the definition of iT-type groups 
and Damek-Ricci spaces and we summarize some results about spherical analysis on such 
spaces. In Section 3 we recall some properties of the Laplacian L and derive a formula for 
convolution kernels of multipliers of L. In Section 4 and 5 we prove pointwise estimates 
for the spectrally localized wave propagator and for its gradient, respectively. We deduce 
an L 1 -estimate for these kernels; then we apply it to reprove a basic multiplier estimate 
from |HSj and [VI] . In Section 6 we derive Sobolev estimates for the solutions to the wave 
equation associated to L. 

We shall apply the "variable constant" convention in this paper, according to which C 
will usually denote a positive, finite constant which may vary from line to line and may 
depend on parameters according to the context. Given two quantities / and g, by / < g we 
mean that there exists a constant C such that / < C g and by / x g we mean that there 
exist constants C\, C2 such that C\ g < f < C2 g- 

2. Damek-Ricci spaces 

In this section we recall the definition of -ff-type groups, which had been introduced 
by Kaplan [K], describe their harmonic extensions and recall the main results of spherical 
analysis on these extensions. For the details see [ADY, CDKR1, CD KR2] . 

Let n be a two-step nilpotent Lie algebra equipped with an inner product (•, •) and denote 
by I • I the corresponding norm. Let D and 3 be complementary orthogonal subspaces of n 
such that [n,j] = {0} and [n, n] C 3. 

The algebra n is of H-type if for every z in 3 the map J z : —* defined by 

(J z v,v') = (z,[v,v']} Vv, u' G d 

satisfies the condition 

\j z x\ = \z\\x\ viec vze 3 . 
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The connected and simply connected Lie group N associated to n is called an H-type group. 
We identify N with its Lie algebra n via the exponential map 

D x 3 — > N 

(v, z) i ^ exp(v + z) . 

The product law in N is given by 

(v,z)(v',z) = (v + v',z + z +(l/2)[v,v']) Vv, v' G Vz.z'ej. 

The group AT is two-step nilpotent, hence unimodular, with Haar measure dvdz. We define 
the following dilations on N: 

S a (v,z) = (a 1/2 v,az) V(v,z)eN VoGR + . 

These are automorphisms, so that N is an homogeneous group. A homogeneous norm is 
given by 



Af(v,z) = 




V(v,z) G N . 



Note that J\f(5 a (v, z)) = a 1 / 2 AA(v, z), so that M is homogeneous of degree one with respect 
to the modified dilation group {<5 r 2} r >o- Set Q = (m v + 2m 3 )/2, where m„ and m } denote 
the dimensions of D and 3, respectively. 

Let H be the element of a such that &d(H)v = \v, if v G t), and ad(iJ)2; = z, if z G 3. 
We extend the inner product on n to the algebra s = n © a, by requiring n and a to be 
orthogonal and H to be unitary. The algebra s is a solvable Lie algebra. The corresponding 
Lie group S is the semi-direct extension S = N x A, where A = 1R + acts on by the above 
dilations. 

The map 

x 1 x R + -> S 

(v, z, a) 1— > exp(-u + 2) exp(log a i?) 
gives global coordinates on S. The product in S is then given by the rule 

(v,z,a)(v',z',a) = (v + a 1/2 v' , z + a z' + (1/2) a 1/2 [v,v'],aa) 

for all (v,z,a), (v',z',a') in S. Let e be the identity of the group S. We shall denote by 
n = m D + 777.3 + 1 the dimension of 5. The group 5 is nonunimodular: the right and left Haar 
measures on S are given by dp(v,z,a) = a _1 dt;dzda and dX(v,z,a) = a^^ +1 ^ dv dz do , 
respectively. In particular, 

dA = 5 dp, 

where the modular function is given by S(v, z, a) = . 
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We endow S with the left invariant Riemannian metric which agrees with the inner prod- 
uct on s at the identity. Let d denote the distance induced by this Riemannian structure. 
The Riemannian manifold (S, d) is then called a Damek-Ricci space or harmonic NA group. 

It is well known [ADYl formula (2.18)] that 

(2.1) 

2 ( d((v,z,a),e) \ ( gW+g- 1 / 2 1 _ 1/2 2 V 1 _ h 2 

cosh — = — a 1 \v\ H — a \z\ V(w, z,a) G a . 

I 2 / I 2 8 1 1 i 4 1 1 v ' ' ^ 

We shall later use the notation 

(2.2) R(x) = d(x,e), x G S. 

Let us remark at this point that it is natural to include also the "degenerate" cases 
where N is abelian into the definition of H-type group respectively of Damek-Ricci space, 
since then all symmetric spaces of noncompact type and rank one, including real hyperbolic 
spaces, are special cases of these spaces, when considered as Riemannian manifolds (cf. 
[CDKR2J). Indeed, all of our previous definitions and subsequent arguments will apply as 
well when N is abelian. Only when N is one-dimensional, some estimates will have to be 
modified. However, since the case where N is abelian had essentially already been dealt 
with in [MT], we shall restrict ourselves in this paper to the case where ./V is non-abelian. 

We denote by B((vq, Zq, ao), r) the ball in S centred at (vq, zq, clq) of radius r. In particular 
let B r denote the ball of center e and radius r; note that [ADY1 formula (1.18)] 

p{B r ) > 

This shows in particular that S, equipped with the right Haar measure p, is a group of 
exponential growth. 

A radial function on S is a function that depends only on the distance from the identity. 
If / is radial, then [ADYl formula (1.16)] 

P f'OO 

(2.3) / /dA= / f(r)A(r)dr, 

Js Jo 

where 

A(r) = 2 m ° +2m * sinh m ° +m .' Q cosh m -' Q Vr G R + . 
One easily checks that 

(2.4) ^( r )</_!_j e Qr VrGM+. 
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A radial function <fi is spherical if it is an eigenfunction of the Laplace-Beltrami operator A 
(associated to d) and <j)(e) = 1. Let <f> s , for s G C, be the spherical function with eigenvalue 
s 2 + Q 2 /4, as in [ADYl formula (2.6)]. 
In |AH Lemma 1] it is shown that 

(2.5) o (r) < (1 + r)e- Qr/2 V r G M+ . 

We shall use the following integration formula on 5, whose proof is reminiscent of [CGHM, 
Lemma 1.3] and |A1| Lemma 3]: 

Lemma 2.1. For every radial function f in C^°(S) 

poo 

5 l / 2 fdp = I <j) (r) f(r)A(r)dr 
f(r) J(r) dr , 



o 

where 

r n-i if r < 1 



J(r) 



r eQ r / 2 if r > 1 



The spherical Fourier transform of an integrable radial function / on S is defined by the 
formula 

Hf(s)= f cf> s fd\. 
Js 

For "nice" radial functions / on S an inversion formula and a Plancherel formula hold: 

/>oo 

f(x) = c s 7if(s)Mx)\c(s)\- 2 ds VxGS, 
Jo 

and 



/ m 2 dA = c 5 r\Hf(s)\ 2 \c(s)\- 2 ds, 
Js Jo 



where the constant cs depends only on m and m i and c denotes the Harish-Chandra 
function. 

Let A denote the Abel transform and let T denote the Fourier transform on the real line, 
defined by J-g(s) = J_^° g(r) e~ lsr dr , for each integrable function g on M. It is well known 
that H = T o A, hence H' 1 = A' 1 o T~ l . We shall use the inversion formula for the Abel 
transform |ADY1 formula (2.24)], which we now recall. Let T>\ and T>2 be the differential 
operators on the real line defined by 

^ 1 d m Id 


sinhr dr ' sinh(r/2) dr 

If m i is even, then 

(2.6) A- 1 f(r) = ~a e s V^ /2 V^ /2 f(r), 
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where a% = 2-^ 2m " +m ^l 2 ^~ { - m - +m ^/ 2 , while if m } is odd, then 

f'OO 

(2.7) A- 1 f{r) = ~a° s v[ m>+l)/2 V™ v/2 f{s){cosh s - coshr)" 1 / 2 sinh s ds , 

J r 



where a° s = 2~( 2m "+ m ^/ 2 ir' n / 2 . 



3. The Laplacian L 



Let {Xq, . . . ,X n -i} be an orthonormal basis of the Lie algebra 5 such that Xq = H, 
the elements X\, . . . ,X mo form an orthonormal basis of t) and X mv+ i, . . . ,X n _i form an 
orthonormal basis of j. As before, we shall view the Xj as left invariant vector fields on S. 
In particular, if i = 0, then 

X f(v,z,a)=ad a f(v,z,a) V/ G C°°(S) , 

while for i ^ the vector fields do not involve a derivative in the variable a. 

These vector fields JQ, i = 0, n — 1, form an orthonormal basis of the tangent space 
at every point of S, since the Riemannian metric is left invariant. If we denote by V the 
Riemannian gradient on S, it is easy to verify that for any function / in C°°(S) 

Vf = Y / (X i f)X i . 

i 

This implies that the Riemannian norm of the gradient, which we denote by ||V/||, is given 
by 

llv/HElxjf) 1 / 2 . 

i 

Let L = — ^I^o 1 ^ e the left invariant Laplacian defined in the Introduction. 

The operator L has a special relationship with the (positive definite) Laplace- Beltrami 
operator A = — divograd. Indeed, let Aq denote the shifted operator A — Q 2 /4; it is known 
that |AH Proposition 2] 

(3.1) 5- 1 / 2 L8 1 / 2 f = A Q f, 

for smooth radial functions / on S. 

The spectra of Aq on L 2 (X) and L on L 2 (p) are both [0, +oo). Let E& Q and El be the 
spectral resolution of the identity for which 

"+oo r+oo 



r+oo r+oo 

I tdE Ag (t) and L= t dE L {t) . 

Jo Jo 



For each bounded Borel measurable function ip on R + the operators iP(Aq) and ip(L), 
spectrally defined by 

r+oo r+oo 

^(A Q )= i>(t)dE A Jt) and il>(L)= ij>(t) dE L (t) , 
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are bounded on L 2 (X) and L 2 (p) respectively. By (|3.1|) and the spectral theorem, we see 
that 

r^VW^/ = ^(A Q )/ , 

for smooth compactly supported radial functions / on 5. 

Let fc^(L) and ^(a q ) denote the convolution kernels of ip{L) and ^(Aq) respectively; we 
have that 

V(Aq)/ = / * A^ (Aq) and i;(L)f = f*k HL) V/gC c °°(5), 
where * denotes the convolution on S defined by 

f* g (x)= I f(y)g(y- 1 x)dX(y)= / f{xy) g{y~ l ) dA(y) 

f(xy' 1 )g(y)dp(y) , 

for all functions /, 5 in C C (S) and x in 5. 

The integral kernel of VK-^) i s the function defined on (S, dp) x (S 1 , dp) by 

(3.2) K^ L) (x,y) = k^L)(y~ 1 x)5(y) Mx;y G S . 

Proposition 3.1. Let ip be a bounded measurable function on M + . Then fo^^a) is radial 
and fc^(i) = 5 1 / 2 k^^ Q y The spherical transform of k^ Q is 

Wfy(A Q )(*) =V(s 2 ) VsGM+. 

Proof. See pO], [SPY] . □ 

By Proposition 13.11 it follows that if ^ is a function in C C (M), then the convolution kernel 
of tjj(L) is equal to 

k f{L) (x) = (2tt)~ 1 5 1 / 2 {x)A- 1 ( f if>(s 2 ) e isv ds) (R(xj) Vx G S , 

where i?(x) = (f(x,e) is as in (|2.2p . By using the expression of the inverse Abel transform 
(|2,6p and (|2.7p we deduce that if m 3 is even, then 

k^ L) {x) = a%5 l l 2 (x)Vlfvlf( [ ^(s 2 )e^ds)(R(x)) 

v JR ' 

= a%^\x) [ ^{s 2 )Vlfvlf{^){R^))^, 

JR 

while if m i is odd, then 

k^ L) (x) = a° s 5 l ' 2 (x) ^ V^ +l)/2 Vlf( [ ^( S 2 )e^ds)(v)du R{x) (v) 



R(x) 

a° s 5^ 2 {x) [ ^{s 2 ) r ^ +1)/ Xy 2 (^)(-)d^)(^)d, 

JR JR(x) 
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where a e s = (27r) _1 a|, a° s = {2'K)~ 1 a° s and 

dz^v) = (cosh-u — cosh i?)" 1 / 2 sinh-u dv . 
Thus for all functions ip in C C (R) we have that 

(3.3) fc0( L) (x) = 5 1 ' 2 {x) / V>(s 2 )l^)( s ) ds > 

where for all i? > and sgl 



(3.4) F R (s) 



a%V™l /2 V™* /2 (e isv )(R) if m 3 is even 

4 /« * +1)/ X D/2 (OM <!!/«(«) if m 3 is odd . 



IR 

We are interested in finding the asymptotic behaviour of Fr and its first derivative. To do 
so we need the following technical lemmata. 
We denote by S a the symbol class 

S a = {be C°°(R) : \\b\\ s * k := sup(l + s 2 )^ \b {k) (s)\ < oo, for all k € N} . 

s 

Lemma 3.2. For a// integers p, q such that p + q > 1 and all v > 1 

k=l 

where q^ is in S° for all k. 

Proof. Since = 1 _ e 2 _^ 1) e _-u , where 1-e 2 _^ = ^™ =0 e -2 "™ is in 5° for v > 1, the lemma 
follows easily by induction on q and p (compare |MT| Lemma 5.3]). □ 

Lemma 3.3. For all integers p, q such that p + q > 1 and all v in [0, 4] 

p+q 

fc=l 

where q k is in S° for all k. 

Proof. On the interval [0,4] we have that -t-t- - = g(ti)t> _1 , where g is in 5°, and a similar 
statement holds for sinh ^ 2 ) • The l emma follows easily by induction on q and p (compare 
[MTl Lemma 5.8]). □ 

In the following proposition we study the asymptotic behaviour of Fr and its first deriv- 
ative. 

Proposition 3.4. If m } is even, then 

' e -QK/2 e iRs YfZx V2 s k q k {R) if 12 > 1 

1 h ' " ! e"^/ 2 e iRs Ei="i 1)/2 s k q k (R) R l - n+k if R < 1 , 
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and 

_ ( e -QR/2 e iRs Y}^ )/2 s k Pk (R) if R > 1 

9bF R ( S ) - | e _ Q/?/2 ^ £(n+l)/2 gfc if _ R< 1> 

where q k and are functions in 5° uniformly in R for all k. 
If m i is odd, then for every r in [0, 1/2] 

e -QR/2 el Rs £«/2 s fc 6 "l/2 (s) if > 1 

e -Qi?/2 gift gfc 6 r-l/2 (s ) R -n+k+r+l/2 jf ^ < J 



and 



d R F R {s) 



e -QR/2 ^Rs gfc p -l/2( a ) if 12 > 1 

e -QiJ/2 ^Jfe ^n/2+1 sfc p r-l/2( a ) Jf fl < j_ ^ 

where &f (s) and are functions depending also on R but which are in uniformly in 

R for all k and (5. 



Proof. We first study the case when m 3 is even. In this case by (j3.4j) we have that 

F fi ( S )=a|^ /2 P^ /2 ( e ^)( i? )- 
By Lemma 13.21 it follows that if R > 1, then 

(n-l)/2 
k=l 

while if R < 1, then 

(n-l)/2 

F fl (s) = e - QR / 2 e iRa Yl s k q k (R) R 1 - 11 ^ , 
k=i 

where is in 5° for all fc. 

By deriving with respect to R the expressions above we obtain that if R > 1, then 

(n-l)/2 

^F fl ( S ) = e- QR / 2 e ii?s ^ S fc [(-Q/2 + i5) % (12) + ^ fe (l?)] 

fc=i 
(n+l)/2 

= e -Qi?/2 e ife £ S fc p fc (12), 
k=l 

while if 1? < 1, then 

(n-l)/2 

d R F R {s)= e-W 2 e ms Y s k R 1 - r ^ k [(-Q/2 + i8+{l-n + k)Br 1 )q k (R)+d R q k (R)] 

k=l 
(n+l)/2 

= e~^ 2 e iRa ^ s fc lT" +fc p fc GR), 
fc=i 
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where pk is in 5° for all k. 

This proves the proposition in the case when m } is even. 

We now study the case when m i is odd. In this case by (|3.4p we deduce that 



F R {s) = a° s / P^ +1)/ X° /2 ( 
JR 



e* sv )(v)dv R (v), 

where du R (v) = (cosh-u — coshi?) -1 / 2 smhvdv. By Lemma 13.21 it follows that if R > 1, 
then 



ra/2 



' roc 

Fr(s) =J2 s * q k (v)e~ iQ/2+1/2)v e*« d^(«) 
fe=i^ K 

YV / g fc ( V + i?)e-( Q / 2+1 / 2 )^e iS ^ +i? )x 
fc=l Jo 

cosh(?; + J?) — cosh i?) sinh(u + R) dv 

£ ske - QR/ 2 eisR r qk{v+R) sM t + ^> x 
fc=i - 70 e 

x [(cosh(« + fl) - cosh ^e-^+^j" 1/2 e- Ql,/2 e is Mt> 

n/2 

= ^ s fc e -Q^/2 e ^ 6 -l/2 (s)) 
fe=l 

by \M.T\ Lemmata 5.4, 5.5], where b k 1//2 is in S~ 1 / 2 uniformly with respect to R > 1. If 
-R < 1, then 

F*(a) = i£( a ) 

xW ^ + i)/ 2 ^/ 2(e ^ )(t;)d ^ (u) 

/*OG 

+ jf (i-xM)< +1)/2 ^; /2 r)M^w 

where x is a C°° function supported in [—4, 4] equal to 1 in [—2, 2]. Let r be in [0, 1/2]. By 
[MTl Lemmata 5.4, 5.5] F% is in <S(R) uniformly with respect to R < 1. We now study the 
behaviour of F R , which by Lemma 13.31 is equal to 

n l 2 roo sinh7) 

F R (s) = V s k / ?fe(«) ^~ n+1 " (cosht; - coshi?)" 1 / 2 e** dv . 

k=i Jr v 



R 

oo 
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By \MT\ Lemma 5.9] there exists a function 7 in 5° such that inf vg [o 41 j(v) > and the 
previuos sum is equal to 

V s k r X(v) q k (v) v k - n+1 — 7(v)- 1/2 (v + R)~ 1/2 (« - «)" 1/2 dx; 
ti Jr 

n/2 

ti J * V + R 

x{2R + v)- l l 2 v- 1 / 2 e is ^ dv 

»/ 2 ,oc 

= e isR Vs* 7fc (u + Rf- n+l (2R + i0~ 1/2 iT 1 / 2 e isv dv 
k=i Jo 

n/2 

k=i 

By |MT} Lemma 5.10] we deduce that j{ n - k ~ 1 / 2 - T f k R is in S T ~ l l 2 uniformly with respect 
to R < 1. Thus 

n/2 

fc=i 

where 6^ 1 ^ 2 (s), depending also on R, is in S T ~ 1 / 2 uniformly with respect to R < 1. 

This concludes the study of the asymptotic behaviour of Fr when m i is odd. To study 
the behaviour of its derivative, we derive with respect to R the expressions above. If R > 1, 
then 

n/2 

d R F R (s) = s k e~ QR / 2 e isR (-Q/2 + is) b~ 1/2 (s) 

k=l 
n/2+1 



£ s fc e-^/ 2 e^p- 1/2 ( S ), 

k=l 

where p k 1 ^ 2 is in S~ l l 2 uniformly with respect to R > 1. If R < 1 and r G [0, 1/2], then 

n/2 

0^00 = e" Qfl / 2 e isi? £ s fc ^-V2 (s) ( _ Q/2 + is + ( _ n + fc + 1/2 + r) fl -r 

fc=l 

n/2+1 

= e-W 2 e M Yl s k R- n+k - 1 / 2+T p T - 1/2 (s), 

k=l 

where p T k 1//2 is in S T ~ 1 / 2 uniformly with respect to R < 1. 

This proves the proposition also in the case when m, is odd. □ 
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4. Spectrally localized estimates for the wave propagator 

In this section we state pointwise estimates for the convolution kernel of spectrally local- 
ized wave propagators associated to the Laplacian L on Damek-Ricci spaces. 

Let t G R, A > 0, and let tp be an even bump function in C°°(R) supported in [—2,2]. 
If A > 1 we shall in addition suppose that V vanishes on [—1,1]. We denote by k\ the 
convolution kernel of m\{L) = i>(^P) cos(tVL). We know by O that 

(4.1) k{(x) = 8 1 l\x) J V>(~) cos(ts)F R{x) ( S )d S . 

In the following theorem we estimate the kernel k\. 

Theorem 4.1. The kernel k\ is of the form 

k{(x) = 5 l ' 2 (x) e - QR ^/ 2 [G x (R(x),R(x) - t) + G x (R(x),R(x) + t)] , 

where the function G\ satisfies for every N in N the following estimates: 
(i) if m i is even, then 

'C N (1 + \\u\)- N Eti 1)/2 A fc+1 if R > 1 

c N (i + \\u\)- N E { k=i ]/2 Rl ~ n+k xk+1 if R < 1 ; 

ii) i/m 3 is odd, i/ien /or every r in [0, 1/2] 

C w (l + lAnl)"^ A( n+1 )/ 2 ifi?>landA>l 

^(l + IAnD^^A 2 ifi?>landA<l 

C N (1 + lAul)-* Efe=i R~ n+k+1 / 2+T A fc+1 /2+- if i? < 1 and A > 1 

Cat (1 + \ \u\)~ N i?-«+3/2+r _x2 if i? < 1 and A < 1, 

where the constants Cn depend only on r and on the C N -norms ofip. 

Proof. We consider the case when m i is odd. If R > 1, then by Proposition 13.41 we deduce 
that 

4(x)=^ ( x)e-«W V / V, t 6 fc V W +. e d, 

. , ./is \A/ 



|GaCR,«)| < < 



fc=i 



2/ 



5 l ' 2 ( 



x) e 



-QR(x)/2 



where G\{R, u) = Y£i /r ^ 

|G A (i?, u)| < <( 



[G A (fl(x), fl(x) - i) + G x (R(x), R(x) + i)] , 
b k 1/2 ( s ) sk ds ■ B y EGO Lemma 6.2] it follows that 



C N (l + \Xu\)- N Y£^ k+1/2 if A > 1 

c N {i + \\u\y N z n k L\x k+1 if a < i 



M 



< < 
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C N (l + \Xu\)~ N X^/ 2 if A > 1 
C N (l + \Xu\)~ N X 2 if A < 1 . 



Take now r in [0, 1/2]. If R < 1, then by Proposition 13.41 we deduce that 



n/2 



k\{x) = 6V 2 (x) e-Q R ^ 2 V R(x)- n+k+T+1 ' 2 / i>( f) b T k - 1/2 (s) 



k=l 



j(R(x)-t)s +e i(R(x)+t) 



2i 



ds 



\G X (R, u)\ < 



= 5^ 2 (x) e ~ QR ^ 2 [G x (R(x), R(x) -t)+ G x {R(x), R(x) + t)} , 

where G x (R,u) = YZ=l R- n+k+T+l / 2 J R ^(f) b T k ~ 1/2 (s) s k ^f- ds . By [MD Lemma 6.2] 
it follows that 

C N (1 + \Xu\)' N ^V2 jR -r l +fc + T+l/2 A fe + r+l/2 j f A > j 

C N (1 + \Xu\y N J2 n k /J iR -n+k+T + i/2 X k+i if A < 1 

' C N (1 + \Xu\)' N ^/2 ijR -n+fc+r+l/2 A fe+r+l/2 if A > 1 

CW(l + |Au|) _J>r ir n + 3 / 2+ '-A 2 if A < 1 . 

This proves the theorem when m 3 is odd. 

The proof in the case when m 3 is even is similar and easier, which is why we omit it. □ 

As a consequence of Theorem 14. II we obtain estimates of the L 1 -norms of the convolution 



< 



kernel of tjj 



Vl} cos (t&\ 



X J 



x J- 



Proposition 4.2. Let W\ = denote the convolution kernel of ip 
let e > 0. 

(i) IfX>l, then 



cos t 



Vl 



and 



\W{{x)\R{xfdp{x) 



< 



x- £ {i + ty- i v 2+£ if « < a 

X -e A (n-3)/2 jl+e if t > A; 



(ii) if X < 1, then 



\Wl(x)\R(xydp(x)<X- s (l + t) 



1+E 



Vt G 



In particular, 

(iii) «/ A > 1, i/ien 

/ |W*(x)|(l + A J R(x)) £ dp( 2 ;)<(l+t)("- 1 )/ 2+£ VieM, 

(iv) i/ A < 1, i/ien 

/ |Wj(a:)|(l + Ai2(a:)) e dp(a;)<(l + t) 1+e VteR. 
is 1 
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The constants in these estimates depend only on the C N -norms oftp. 

Proof. We first assume that m 3 is odd. Without loss of generality we shall suppose that 
t > 0, so that in Theorem 14. 1 1 the dominant term is G\(R,R — t). Consider first the case 
when A > 1. By applying Lemma |2. II and Theorem 14. 1 1 with r = we deduce that 

1=1 \W{(x)\R(x) £ dp(x) 

Js 

< V / 5 1 / 2 (x)e- QR ^/ 2 (1 + \XR(x) - t\Y N R{x)~ n+k+1 / 2 X k+1 / 2 R{xf dp{x) 

k=1 JR(x)<l 

+ f 5 1 / 2 (x)e- QR ^ 2 (l + \XR(x) - t\)- N X^l 2 R(xf dp(x) 

JR{x)>l 
n/2 . 

< V / (l + \XR-t\y N R- n+k + 1 ' 2 \ k + 1 ' 2 R n ~ l R s &R 
k=i Jo 

/oo 
(l + \XR-t\r N X( n+1 ^ 2 R 1+e dR 

n/2 , 

<J2 (l + \\R-t\)- N R k - 1 '*+ e \ k+1 ' 2 dR 
k=i Jo 

/oo 
(l + \XR-t\)- N X( n+1 ^ 2 R 1+e dR. 

If N is sufficently large, then (i) follows by |MT1 Lemma 6.4]. 

Assume next that A < 1. We then apply Theorem 14. II with r = 1/2 to obtain 

I=f \Wftx)\ R{xf dp(x) 
Js 

< [ S^ix) e-^W/ 2 (1 + \XR(x) - t\y N R(x)- n+3 / 2+1 / 2 X 2 R(x) £ dp(x) 

jR(x)<l 

+ f 5 1/2 (x)e- QR(x)/2 {l + \XR(x) - t\)~ N X 2 R(x) £ dp{x) 

JR(x)>l 

< f (1 + \XR - t\)- N j R-™+3/2+ 1 /2 A 2 R n-1 R e dR 

Jo 

/oo 
(l + \XR-t\)- N X 2 R 1+e dR 

/•oo 

< / (l + \XR-t\)- N X 2 R 1+£ dR. 
Jo 

If is sufficiently large, then (ii) follows by \MT\ Lemma 6.4]. 

This concludes the proof of (i) and (ii) in the case when m 3 is odd. The proof in the case 
when m i is even is similar and easier, so that we omit it. 

The estimates (iii) and (iv) are an easy consequence of (i) and (ii). □ 



16 D. MULLER, M. VALLARINO 

By means of the subordination principle described e.g. in [Mu] we immediately obtain 
the following corollary, which gives a new proof of |HS|. Theorem 6.1] and |Vll Theorem 
4.3, estimate (20)]. 

Corollary 4.3. Let e, sq, si be positive constants such that so > 3/2 + e and s\ > n/2 + e. 
Then there exists a constant C such that for every continuous function F supported in [1, 2] 
and < A < I, 

J\ k F [^)( x )\ (1 + A#(x)) £ dp(x) < C\\F\\ H s 0{ 



>(R) ! 



while for A > 1 



J\ k F (^)( x )\ (1 + Ai?(x)) £ dp(x) <C\\F\\ HS1{ 



Proof. The proof follows along the lines of the proof of |MTl Corollary 6.5]. We omit the 
details. □ 

5. Spectrally localized estimates for the gradient of the wave propagator 

In this section we prove an estimate of the gradient of the wave propagator associated to 
the Laplacian L. 

Let k\ denote the convolution kernel of m x (L) = ^(^^Y^j cos (t V~L) and Xq, . . . , X n ^\ be 
the left invariant vector fields which we introduced in Section [3l We have that 



X k{(x) = {X^ 2 ){x) y ^(~) co S (ts)F R{x) ( S )ds 

+ 5 l / 2 {x) J co S (t S )d R F R{x) (s)(X R)(x)d S 
=5 1 ' 2 {x) f V>(£) cos(ts) [ - Q/2F R{x) (s) + d R F R(x) (s) (X R)(x)] ds . 



and 

Xik{{x) = 5 1 ' 2 {x) [ il>(~) cos(ts)d R F R{x) (s)(X i R)(x)ds Vi = l,...,n-1 
We recall that \XiR(x)\ < 1, for all x € S and i = 0, . . . , n - 1 [Hj. 
Theorem 5.1. For all i = 0, ..,n — 1 we have that 

X i k{(x) = 5 1 / 2 (x)e- QR ^ 2 [H x (R(x),R(x)-t)+H x (R{x),R(x)+t)] , 

where the function H\ satisfies for every N m N the following estimates: 
(i) if m } is even, then 

'c N (l + \Xu\)- N ES 1)/2 Afc+1 if 12 > 1 



\Hx{R,u)\ < 



c N (i + |Au|)-* Ei= + i 1)/2 R ~ n+k xk+1 if 12 < i ; 
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(ii) if m 3 is odd, then for every r in [0, 1/2] 
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\H x (R,u)\ < { 



C N (1 + \Xu\)- N A( n+3 )/ 2 ifi?>landA>l 

Cn (1 + \\u\)~ N A 2 if J R>landA<l 

C N (l + \\u\y N Efe=i +1 R- n+k - l / 2 +- \^/2+r if « < i an d A > 1 

C N (1 + lAuD^ir^/^A 2 if i? < 1 and A < 1 



where the constants CV depend only on r and on the C N -norms ofip. 

Proof. As before, we shall only consider the case when m i is odd; the case when m 3 is 
even is similar and easier. Moreover, we shall only discuss the case where i = 0. When 
i = 1, . . . , n — 1 the proof is again similar and easier, which is why we omit it. 
If R > 1, then by Proposition 13.41 we deduce that 



n/2+l 



X k[( X ) = 5^(*)e- QRix)/2 £ I 4{)\-^- 1/2 (s)+ Pi : 1/2 (s)(X R)( X ) 



k=l 



X S 



k e i{R(x)-t)s +e i(R(x)+t)s 



2i 



ds 



8 l ' 2 {x) e - QR ^ 2 [H x (R(x), R(x) - t) + H x (R(x), R(x) + t)] , 



where H x (R,u) = Y2=\ l 
Lemma 6.2] it follows that 



2 "fc 



-1/2. 



«) + Pl l '\s) (X R)] s k ^ ds . By HH 



|fr A (fl, u )| < 



^(l + lAuQ^E^A^ if A > 1 



^(l + IA^D^E^A^ 1 if A < 1, 
which gives the required estimates in (ii) when R > 1. If R < 1, and if r G [0, 1/2], then 



n/2+1 



X k{(x) = 5 1 / 2 (x)e- QR ^ 2 £ / ^ 



fc=l 



|i?(x)- n+fc+T+i / 2 6r 1/2 (s) 



,-n+ifc+T-l/2 r J- 1 / 2 



P r i/z (^)(^oi?)(x) 



3 i(fl(a;)-t) S +e i( J R(x)+*) 



2? 



■ds 



-QR(x)/2 



[H x (R(x), R(x) -t)+ H x (R(x), R(x) + t)] , 



where 



n/2+l 



k=i 



h X (r, U )= e / ^(y)^ +fc+T - i/2 [-Q/2i?6r 1/2 («)+pr 1/2 (^)(^)] s fc ^d^ 



2% 
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By [MTl Lemma 6.2] it follows that 

C N (1 + \\u\y N ^/ 2 + 1 jR -n+fc+r-l/2 A fc+r+l/2 jf A > 1 
C N (1 + \Xu\y N ^/2+l jR -n + fe+r-l/2 A fe+l if A < 1, 

which yields the required estimates in (ii) also when R < I. 



\H X (R, u)\ < 



□ 



As a consequence of Theorem 15.11 we obtain estimates of the L 1 -norms of the gradient 
of the convolution kernel of Vm^tt) cos [t^-j- To do it we need the following technical 



lemma. 

Lemma 5.2. The following estimates hold: 
(i) for all x = (v, z, a) in S 



|2 /a\-Q-1 



V J [l + (a + l + | V | 2 /4)- 2 |^| 2 ] Q/ + 

(ii) f N (Q+1+H2/4rQ -; g/2+1 dv dz = C (a + Va 6 M + . 

[l+(a+l+|,;| 2 /4)- 2 k| 2 ] 

Proof. For a proof of (i) see |V14 Lemma 4.5]. In order to prove (ii), notice that the change 
variables (a + 1 + \ v\ 2 / '4) _1 z = w in the integral on the left-hand side of (ii) transforms it 
into 

< [ {a + l + ^/Ay^'^dv 
<C(a + ir\ 

as required. □ 

We can now prove an L 1 -estimate for the Riemannian gradient of the convolution kernel 
of^(^) cos (t^f 



Proposition 5.3. Let W\ = /c^ A denote the convolution kernel of ipi^f^j cos f*"^r) ■ 
(i) If X > 1 and suppV> C [-2,-1] U [1,2] then 

CA(l + t)( n " 1 )/ 2 ifi<A 



\VW{(x)\\dp(x) < 



CX (n-l)/2 t ift>A. 



(ii) If X < 1 and suppV> C [—2,2] then 

f \\VW{(x)\\d P (x) < CX(l + t) Vie 
Js 
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The constants in these estimates depend only on the C N -norms oftp. 

Proof. Again, we shall only deal with the case when m } is odd, since the other case is 
similar and easier. Without loss of generality we may and shall assume that t > so that 
the dominant term in Theorem 15.11 is H X (R, R — t). We first observe that 

2 = / \\VW{(x)\\dp(x) 
Js 

= [ \\VW t x (x)\\dp(x) + [ \\VW{(x)\\dp(x) 

JR(x)<1 JR(x)>l 

= If) + loo 3 

and we estimate these integrals separately. 

1. Case: A > 1. By applying Lemma 12. II and Theorem 15.11 with r = we obtain that 

Io< [ 8 1 / 2 (x)e- QR ^ 2 \H x {R(x),R(x)-t/X)\dp(x) 

JR(x)<l 

< f R^Hxi^R-t/X^dR 
Jo 

n/2+l , 

< V / R n - 1 (l + \XR-t\)- N R-^-^X^^dR, 

which by [MT, Lemma 6.4] satisfies (i). 

We proceed in the same way for 1^ . By Theorem 15.11 and Lemma 12.11 

/oo< ! 5 1 / 2 (x)e-^y 2 \H x {R(x),R(x)-t/X)\dp(x) 

JR(x)>l 

R\H x (R,R-t/X)\dR 

R(l + \XR-t\)- N X^ n+3 ^ 2 dR. 

By |MTl Lemma 6.4] the estimate (i) follows. 

2. Case: A < 1. In this case the estimate of Iq is easy. Indeed, by applying Lemma I2TT1 
and Theorem 15.11 with r = 1/2 we deduce that 

< T R n - 1 R- n+l l 2+l l 2 X 2 (1 + I A 22 - t\)~ N dR 
Jo 

< [\ 2 (l + \XR-t\y N dR, 
Jo 

which is clearly bounded above by A (1 + t). 

The estimation of the integral 1^ is more delicate. To obtain it we need a more precise 
study of the behaviour of VW X when R > 1 and A < 1. We recall that by (|3.3p and 
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Proposition 13.41 



«/2 . 

^ Jr ^ A/ V A / 



nil 



= s £ j L k (x) 



k=l 



where L k (x) = S^ 2 (x) e~^ x ^ 2 J R ^(f) cos 0f\ sH~ 1/2 (s) e iR ^ s ds . 

Since Iqo < Y^l=i Ir( x )>i \\^Lk(x)\\ dp(x) we estimate each summand separately. More 
precisely we distinguish the cases when k > 2 and k = 1 (which corresponds to the worst 
summand). 

Let us suppose that k > 2 and consider the derivative of L k along the vector field Xq: 



X L k (x) = {X Q 8 l ' 2 ){x)e- QR ^ 2 / VI - I cos 

./M 

- Q/2 (X 22) (x) ^/ 2 (x) e -«^)/ 2 x 
x Jj(~) cos(^) S H- 1 / 2 ( S )e^ 
+ (X 0J R)(x)<5 1 /2 (2 . )e -Q^)/2 /" 



ds 



a; co Ht" s 



ts 



k+1 b k 1/2 (s)e lR ^ s ds. 



Thus 



|X L fe (x)| < 6 1 / 2 (x)e-^y 2 [\L k x (R(x),R(x) - t/X)\ + \L k x {R{x) , R{x) + 1 / X) 

(5.1) +5 1/2 (x)e- Qi?(x)/2 [|L^ +1 (^(x),i?(x) -i/A)| + \L k+1 (R(x), R(x) + t/A) j 

where L\{R,u) = J R ^(f) sH~ 1/2 (s) ^ ds. Since fc > 2 by [Mil Lemma 6.2] it follows 
that for all N in N 

(5.2) \L\{R,u)\ + \L k+1 (R, u)\ < C N (1 + lAul)-^ (A fe+1 + A fc+2 ) < C N (1 + lAn))"^ A 3 . 
Thus by fl£TJ and Q 

/ |X L fc (x)|dp(x) < [°°(l + \\R-t\)- N \ s RdR 
JR{x)>l Jl 

(5.3) <A(l + t). 



For i = 1, ...n — 1 the conclusion follows in the same way so that 

||VL fe (x)||dp(x)<A(l + t). 



n/2 

k=2 JR{x)>l 
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It remains to consider the case when k = 1. We first write L\ in the following form: 

L lW = ^ W(cosh(H (.)/2)r' 3 C^jy j£*(f ) cos (£) .^Wd"*)'^ 

= 5 1/2 (x)(cosh( J R(x)/2)) _Q 5 ( J R(x)) fc(-R(s)) , 

where the function 5 is in 5° for R > 1, and where 

h(R) = J cos(y) S 6- 1/2 ( S )e ii?s ds. 

By deriving along the vector field Ao we obtain that 

XoLxO) = * (* 1/2 (x)(codi(12(x)/2))- ) & (i2(ar)) /i(i?(x)) 

+ ,5 1 / 2 (x)(cosh(i?(x)/2))" Q [dng(R(x)) h(R(xj) + g{R(x)) d R h(R(x))] [X R)(x) 
= A(x) + B(x) . 

An easy application of \MT\ Lemma 6.2] shows that for all TV" in N 

(5.4) \B(x)\ < C N 6 1/2 (x)e- QRix)/2 A 2 + A 3 ] (1 + \XR(x) - t\)~ N , 
and 

(5.5) \A(x)\ < C N A (5 1/2 (x)(cosh(i?(x)/2))~ Q ) A 2 (1 + \XR(x) - t\)~ N . 

It suffices to prove that the integrals of \A\ and \B\ over the complement of the unit ball 
satisfy the required estimate. 

By (pTiJ) and \MT\ Lemma 6.4] we deduce that 

r f'OO 

/ \B(x)\dp{x)< / R[R~ 1 X 2 + X 3 ](l + \XR-t\)- N dR 

JR(x)>1 Jl 

' A 2 A- 1 (1 + A)-^ 1 + A 3 A" 2 (1 + A)-^ 1 if t < A/2 
A 2 A" 1 + A 3 A~ 2 (1 + 1) if t > A/2 

(5-6) <A(l + i), 

as required. We next integrate \A\: 

/ \A(x)\dp(x)< / \A(x)\dp(x)+ / |A(x)|dp(x) 

JR(x)>l JR{x)<2t/\ JR{x)>2t/X 

= Jl + J 2 - 

We estimate J\ and J2 separately by using Lemma I5T21 above. Note that if R{x) > 2t/\, 
then 

(l + \XR(x)-t\)~ N <(l + XR(x))- N < (l + Alogmax(a, l/a))~ N , 



< 
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since by (|2.1I) 

logmax(a, 1/a) < R(x), 
if a denotes the ^4-component of x E S. Thus, by Lemma 



J 2 <A 2 / ^(l + Alogmax(a,l/a))-\/ < fl + 1 + HV^ 1 ^ dz 

a V Viv [l + ( a + l + | u |2/4)-2|z|2]Q/ 2+1 



<A 2 / da (l + A logmax(a, 1/a)) ^(a + l)" 1 



/oo 
(1 + A log a)-^- 1 da < A(t + 1). 

On the other hand, we note that if R(x) < 2t/X, then similarly 

|loga| < R(x) <2t/X, 

so that by Lemma 15.21 

da f (a + 1 + |v| 2 /4)- Q - 1 



Jr<A 2 ^a V^J^rv -^d.dz 

J\ loga|<2t/A a J N + ( a + X + |„|2/4)-2 | z |2] «/ 2 +! 

< A 2 / a" 1 da < A 2 2i/A < A (1 + t) • 

J\ loeal<2t/A 



It follows that 



(5.7) / \A(x)\dp(x)<X(l + t). 

JR(x)>\ 

By flO|), (UlS]), ([52]) we deduce that 1^ < A (1 + 1) . 
This concludes the proof also in the case when A < 1. 



□ 



By means of the subordination principle described e.g. in |Muj we obtain the following 
corollary which gives a new proof of |VH Theorem 4.3]. 

Corollary 5.4. Let sq,,si be positive constants such that sq > 3/2 and s\ > re/2. Then 
there exists a constant C such that for every continuous function F supported in [1, 2] 



C Xd(y,z) \\F\\ H s ( R) if A < 1 
C Xd(y,z) \\F\\ H s 1(R) if A > 1 



Proof. By (13. 2h the integral kernel K / L \ is given by 
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Since L is symmetric it suffices to prove the analogous estimates for j s 



K 



k f{m i ) i ^ z ' x ^ d ^( x )' since K r(±.\( x 'y) = K i?(L_\(yi x )- But 



(y,x)-K ( L \(z,x) dp(x) 



s(x) k F ^ ( x ~ l y) - s(x) k F {± [ ) ( x ~ lz ) d p( x ) 



Ok)' 



(xy) - k^tjsixz) dp(x) 



i F (L i )( xz y) ~ k F ^( x ) d P( x ) 



< d(z 1 y,e) 
= d(y, z) \\Vk 



\Vk F ^(u)\\dp(u) 



Now choose an even function tjj in Cq°(K) such that supp?/> C [—4, — 1/2] U [1/2, 4] and t/j = 1 
on [1, 2]. Set f(v) = F{v 2 ). Then ~ \\F\\ H s and F 



Moreover, by the Fourier inverse formula and Fubini's theorem, one easily obtains that 



A 



7T 



since / is an even function. Thus 

7T 



A 2 / 



A 



/(*)</> V cos *V * 



v 7 ! 



which implies 



/"OO /* 

o Js 



A 



|VWj(aO||dp(ar)d*. 



If < A < 1, then by Proposition [57 







< A 

< A 



|/(t)|A(l + |t|)dt 

\f(t)(i + \t\r\ 2 dt 

H s o < A ||i 71 ||H s o , 



1/2 



(1+1*1 



\2-2s 



dt 



-1/2 



if so > 3/2. This proves the corollary when < A < 1. The proof in the case when A > 1 
is similar and omitted. □ 

Remark 5.5. The estimates in Theorem 14.11 are good enough for Z^-estimates, but not 
for L°°-estimates, since they exhibit singularities at R = 0. One knows that the singular 
support of the wave propagator for time t is the sphere R = t, so that these singularities 
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are in fact not present. As in |MT^ Section 7] we shall improve the estimates of k\ when 
R<1. 

More precisely we can prove that for R < 1 the function G\ which appears in Theorem 
14.11 satisfies the following estimates for any N in N: 



(5.8) \G x (R,u)\< 



Cn (1 + \\u\)~ N \ n if A > 1 
C N {l + \\u\)- N \ 2 if A < 1 . 

The proof of (|5.8p follows the same outline as the proof of [MT| Theorem 7.1]. 
By (15.81) and Theorem 14.11 it follows easily that for A > 1 and t > 

Halloo < (1 + A (n+D/2 . 

Notice that, for small times, this estimate agrees with the one valid for the Laplacian on 
the Euclidean space W 1 . However, for large times, there appears no dispersive effect. 

6. Growth estimates for solutions to the wave equation in terms of 

spectral sobolev norms 

Given a symbol m in S~ a with a > 0, consider the operators T* := m(yL) cos(ivL) 
and T\ := m{y/L) sin( ^ T) , for t e R, which are bounded on L 2 {p) by the spectral theorem. 
We look for a condition on a such that these operators are bounded on L p (p), for some 
1 < p < oo. Throughout this section we often write LP instead of L p (p). 

Theorem 6.1. Let m be a symbol in S~ a and 1 < p < oo. Set a n (p) := (n — 1) 1/p— 1/2 . 

(i) If a > a n (p), then if extends from LP{p) H L?(p) to a bounded operator on L p (p), 
and 

\\tI\\lv^lv <c p (i + \t\ft^ . 

(ii) If a > a n (p) — 1, then T\ extends from L p (p) n L?{p) to a bounded operator on 
L p (p), and 

W4\\lv-,Lv < C p (1 + \t\) . 

Proof. Without loss of generality we shall assume that t > 0. We first prove (i). Let 
X £ C£°(R) be an even function such that xi s ) = 1 if \s\ < 1/2, and %(s) = if \s\ > 1. 
Put Ms) ■= x(s/2), and ^{s) = x(2^'- 1 s) - X (2^s) = ^(2^'s), j = l,...,oo, where 
V'W := x( s /2) — x( s ) is supported in {s : 1/2 < \s\ < 2}. Then is supported in [—2,2], 
in {s : 2i- 1 < \s\ < 2^ +1 } for j > 1, and 

oo 

(6.1) 5^j(*) = l VsGR. 

j=0 
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We shall restrict ourselves to the case 1 < p < 2, since the case p = 2 is trivial and the case 
p > 2 follows from the case p > 2 by duality. Using (16. ip we decompose the symbol m as 



in 



( S )=^m i (2^ S ), 
j=0 



where tuq = m\ and rrij(s) := {mipj){2 :i s) = m(2? s) ip(s), if j > 1. Notice that for all 
N G N 



(6.2) 



\mjWcN < C2~ aj , 



where the constant C depends on the SGiTii- norms Utt^H^— a ^. only. 
Then for every / in L 2 (p) 

oo 
j=0 



where / , : "^'("^f) cos ((2"'^) -^"j • Estimating the operator norms of Tj on by 

3 obtain 

2-"j (1 + 2J't)( ri ~ 1 )/ 2 if t < 1 



means of Proposition 14.21 and (|6.2p we obtain 



i < 



2~ Q i 2J( n ~ 3 )/ 2 2 J t 



if t > 1 . 



Interpolating the previous estimates with the trivial 1? estimate ||7}||l2 ^jji < 2 ajf , we 
obtain the following inequalities: 

(6-3) l|2}||iP-iP < < 



2-«J (1 + 2 it)(™-i)(i/p-i/2) if t < 1 
2-aa 2 j(™- 1 )( 1 /p-i/2) t(2/p-i) if t > 1 



If a > a n (p), then by summation over all j > (i) follows immediately. 

As for (ii), observe first that if we replace rn\(s) = ip(^^J cos(ty / s) in Section H] by 

"^K 5 ) = ^(^) Sm ^/^^ 1 then the factor e*^ - *) 5 + e l ( R + t ) s in the corresponding kernel has 
to be replaced by the factor is -1 (e 2 ^ -4 ) 8 — e »(#+*)s). gy |MT1 Lemma 6.2] the estimates 
for the function k\ and W\ are therefore the same as for k\ and W\ in Theorem 14.11 and 
Theorem 14.21 except for an additional factor A -1 . Moreover, 



(6.4) 



sup 

s 



m , 



s \ sin(ts) 



2-i 



< 



2~aJ if j > 1 

t if J = . 



Together, this implies that for j > 1, the operators Tj which appear in the dyadic de- 
composition of satisfy the same estimates as Tj, except for an additional factor 2~ J , 
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i.e., 



< 



(i + 2^)("^ 1 )/ 2 if t < 1 

2 ~aj 2 i(n-3)/2 ^ if t > 1 

2-°0'-J 2i(™- 1 )/ 2 (l + if t < 1 

2-<xj-j 2 j(n-i)/2 t if i > 1 . 



By interpolating with the estimate \\Tj \\l^^l 2 £ 2 aj we obtain that for j > 1 

'2- Q i-i 2J( n - 1 )( 1 /p-V2)( 1 + t )(n-l)(l/p-l/2) if t < j 
2^ a o-j 2^ n ~ 1 ^ 1 / p_1 / 2 ^ t 2 / p_1 if i > 1 

For j = by (16. 4p and Proposition 14.21 we obtain 

||T || L 2_+ L 2 < t llTollii_.ii < (1 + , 

hence 

wfoh^LP < a + if*- 1 t 2 -^ < r 2 2/P lft<1 

(t if t > 1 . 

By summation over j > 1 and j = we obtain that if a > a n (p) — 1, then 

1 if t < 1 

t 2 ^" 1 + t if t > 1 

£1 + 1*1, 

as required. □ 
Let u(t, x) be the solution of the Cauchy problem 

(6.5) d 2 u + Lu = 0, u(0, ■)= f d t u(0, •) = g. 

For /, g in L 2 (p) the solution u is given by u(t, ■) = cos(t\/L)f + sm (^+") g. We define the 
adapted Sobolev norms 

1101k = ll(l + i) Q/2 0llLP V«eR. 
From Theorem 16. II we immediately obtain 

Corollary 6.2. If 1 < p < oo, a > (n - 1) 1 1/p - 1/2| anrfoi > (n - 1) \l/p - 1/2| - 1, 
then 

(6.6) ||u(i, .)||zp < C p ((1 + Itl) 1 !" 11 \\f\\ L P o + (1 + |t|) Ugll^). 
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Remark 6.3. It is likely that the estimate (16. 6h even holds for ao = (n — 1) \l/p — 1/2 1 and 
ax = (n — 1) 1 1/p — 1/2 1 — 1. This would be the counterpart to corresponding results in the 
Euclidean setting by A. Miyachi and J.C. Peral [M],[P]. To prove it, we hope to prove an 
endpoint result in Theorem 16.11 for p = 1. More precisely, we expect that if m is a symbol 
in S - ^ 71-1 )/ 2 , then the operator = m(yfL) cos(ty/L) extends to a bounded operator from 
H 1 to and 

\\Tl\\ H ^ Ll <C(l + \t\), 

where H 1 is the "non-standard" Hardy space introduced in |V2j . A similar results should 
hold also for the operator T|. This will be the object of further investigation. 

Remark 6.4. We recall that the same problem on a noncompact symmetric space X of rank 
one for the wave equation associated with the operator Aq has been studied by A. Ionescu 
P. He proved that if v(t,x) is the solution of the Cauchy problem 

(6.7) d?v + A Q v = 0, v(0,-) = f d t v(0,-)=g, 

for /, g in L 2 (X), then if 1 < p < oo, a > ("--1) I l/p — 1/2| and a x > (n— 1) 1 1/p— 1/2| — 1 

(6.8) |KV)llznA) < CpeOH/^Vpl* [||/|| lSo(a) + (1 + |i|) ||5|Il Si (A)] , 

where we recall that A denotes the left Haar measure on S. Note that the regularity indices 
ao and a\ are the same as above but there is an exponential growth with respect to the 
time t. Ionescu proved also an L°°-BMO result. 
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